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We use a computational model to investigate the emergence of interaction forces between pairs of intruders
in a horizontally vibrated granular fluid. The time evolution of a pair of particles shows a maximum of the
likelihood to find the pair at contact in the direction of shaking. This relative interaction is further studied by
fixing the intruders in the simulation box where we identify effective mechanical forces, and torques between
particles and quantify an emergent long range attractive force as a function of the shaking relative angle,
amplitude, and the packing density of grains. We determine the local density and kinetic energy profiles of
granular particles along the axis of the dimer to find no gradients in the density fields and additive gradients
in the kinetic energies.
I. INTRODUCTION
Granular matter has attracted recent attention be-
cause of its intrisically different nature as compared to
equilibrium solid, liquid and gas states1; due to its ubiq-
uity in the industry in the form of plastic beads, sand,
as well as, edible grains, i.e., coffee, wheat; jamming and
clogging processes, and stress distribution which lead to
the formation of stable structures. Jamming in granular
matter has been widely studied in the past2,3.
Shaken granular matter are actuated systems out-of-
equilibrium due to a steady flux of energy from the con-
tainer to the grains that is finally dissipated through
contact interactions. Striking phenomena occur in mix-
tures of particles where shaking leads to species segrega-
tion ranging from clusters to stripes4–6. The best known
manifestation of this granular separation is the so called
Brazil nut effect7–9. For horizontally driven matter, grav-
ity is no longer a relevant parameter, and a mixture can
phase separate into stripes orthogonal to the shaking di-
rection10–13, or even form clusters for swirling shakings14.
Understanding the ability of granular mixtures to demix
is of direct industrial relevance and can help to explain
diverse phenomena, such as stratification in terrestrial
environments or in asteroid or planetoid formation15.
As a paradigmatic example of the qualitative change
that granular systems experience under shaking we have
the case of granular flow though a bottleneck – like
the flow of sand in an hourglass. Under the sole effect
of a constant force, such as gravity, the granular flow
a)Electronic mail: ipagonabarraga@ub.edu
can be spontaneously interrupted16,17 if the exit is not
wide enough. On the contrary, for granular matter un-
der shaking the nature of the flux interruption dramati-
cally changes and the system, once clogged, may sponta-
neously unclog18.
In the non-equilibrium state induced by shaking, gran-
ular matter has been reported to fluidize for vertical and
horizontal19–21 forcing. Once granular matter fluidizes,
large density fluctuations have been reported and such a
situation leads to the opening of Casimir-like scenarios22
for the effective granular interactions23.
Band segregation for a binary mixture of horizontally
agitated granular matter has been analyzed for attrac-
tive and anisotropic pairwise interactions between inclu-
sions24. However, the details of the interactions were
not directly addressed. Position tracking experiments of
metallic spheres immersed in a dense poppy-seed granular
monolayer have revealed not only an attraction between
pair but an aligning interaction relative to the shak-
ing direction25. Following this experimental evidence we
present this model that captures and quantifies the pair
interaction between intrusive particles.
This paper is structured as follows. In Section II we
present a model for both grains, and inclusions under
horizontal vibration. In Section III, we study the free mo-
tion of an intruder pair pair in a shaken granular bed and
identify the probability to locate particles as a function
of their separation. In Section IV, we fix the inclusion
pair in order to quantify the emergent effective radial and
tangential forces; the mechanical formation energy of the
dimers is then compared to the pair distance distribution
previously obtained in Section IV; and finally the effect
of the pair in the kinetic energy of the granular bed.
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2II. MODEL
Recent experiments have studied the dynamics and
structure of a pair of phosphor-bronze spheres immersed
in a horizontally shaken monolayer of poppy seeds.
Poppy seeds are kidney shaped granular particles with
typical diameters ranging 0.5 mm to 1 mm with mate-
rial density ρ = 0.2 g cm−3. Poppy seeds have a wide
contact area with the surface of the tray, so their fric-
tion is large, and periodically displace with the vibrated
tray. Bronze spheres, on the contrary, are smooth, and
uniform in size with a diameter of 1.5 mm, and material
density26 ρ = 8.8 g cm−3.
Spheres easily rotate on the vibrated flat surface of the
system26, whereas grains have a tendency to follow the
moving tray. Inspired by this situation, and as sketched
in Fig. 1, we consider a simplified two dimensional model
for the dynamics of grains and inclusions which captures
the essential features of the forced grain monolayer, and
develop an integration scheme to computationally solve
the equations of motion of the granular system.
(a)
(b)
FIG. 1. Representation of the granular system. (a) Granular
particles have a large contact area with the shaking surface
and are modeled as cylinders whereas rotating inclusions are
modeled as spheres. (b) Projection of the shaken granular
system in the shaking plane.
A. Equations of motion
We treat grains as N disks at positions x of diame-
ter σ, drawn from a uniform distribution with average
〈σ〉 = σg and 10% dispersion to account for experimen-
tal polydispersivity25, in a 2d periodic box of side L. We
define an averaged packing fraction of the monolayer as
φ = Npi〈σ2〉/(4L2). Each grain with a mass that de-
pends on their diameter as m = m0 (σ/σg)
3
, where m0
is the mass of a grain of size σg. Grains are periodically
driven with the tray velocity vs(t). Bronze spheres, in-
clusions, are modeled as disks of diameter σ = 3σg/2,
and mass M = 50 m0 at positions X. The solid rota-
tion of inclusions on the moving plate is compatible with
the description of the position vector X relative to the
laboratory frame, i.e., we assume that inclusions are not
being displaced by the tray motion vs(t). For each parti-
cle, either x or X we present its corresponding equation
of motion,
mi
d2xi
dt2
= −γs,i
(
dxi
dt
− vs(t)
)
+ F ci + F
d
i + F
r
i , (1)
M
d2Xi
dt2
= −γs dXi
dt
+ F ci + F
d
i + F
r
i , (2)
where we introduce an oscillatory velocity of the tray,
vs(t) = A0ω sinωteˆx, characterized by its displacement
amplitude, A0, and frequency ω. The motion of the
grains relative to the tray introduces a friction force
whose magnitude γs (dxi/dt− vs) depends on the veloc-
ity of the grain relative to the tray, and a dissipation
constant γs proportional to the contact area of the disk
σ2.
The excluded volume interaction among particles, as
well as the energy dissipated in particle collisions, is de-
scribed through a linear spring-dashpot model for the
interactions between particles. The total conservative
and dissipative forces on particle i are pairwise addi-
tive, F
(c/d)
i =
∑
j F
(c/d)
ij that activate when grains over-
lap20,27,28. The degree of compression between two disks
i and j is quantified by ξij = |xij | − (σi + σj) /2. Ac-
cordingly, the elastic pairwise conservative force reads
F cij = kξijθ (ξij) nˆij , (3)
with k an elastic constant (a material dependent param-
eter), and nˆij the centre-to-centre unit vector. F
c
ij does
not vanish only when the two disks overlap, i.e., ξij > 0
as accounted to by the Heavisde function, θ(ξ).
The dissipative pairwise interaction, responsible of the
energy loss, reads
F dij = γ (vij · nij) θ (ξij)nij , (4)
with γ a dissipation constant, vij = vi − vi, and its di-
rection opposes the direction of the relative velocity be-
tween pairs. This dissipation mechanism between pairs
3may lead to configurations of small overlaps with the
elastic and dissipative forces canceling each other. In
these situations pairs of particles tend to remain close
to each other. To avoid such computational artifacts, as
proposed in28, we use the total force of interaction be-
tween pairs to be always either repulsive or zero |Fij | =
max(0, |F cij + F dij |).
Additionally, we introduce random forces, F r, to
account for irregularities and vertical collisions. The
source of noise is Gaussian for each component with
zero mean and variance
〈
eˆα · F ri (t)eˆβ · F rj (t′)
〉
=
2Λαδijδαβδ (t− t′). The Λα parameter accounts for the
asymmetry in the noise strength in the parallel and per-
pendicular directions relative to the tray shaking.
In the following sections we will consider the tray os-
cillation period τ−1 = 2piω, the average grain size σg,
and its mass m0 as time, length and mass units respec-
tively. In terms of these magnitudes we define the elastic
constant k, the dissipation constants γ, and γs, and Λx
with standard values present in the literature19. The in-
tegration of the equations is performed by a stochastic
integrator inspired on29 and detailed in Appendix A.
In Appendix B we characterize a bed of granular par-
ticles and analyze their kinetic energies. We observe that
the packing fraction of the grain monolayer has an im-
pact in the inclusion energy loss above φ = 0.6 whereas
beyond φ ≈ 0.75 the dynamics of the grains slows down
and the the displacement statistics of grains show the
caging effects introduced by the formation of a quasi-
crystalline structure of the grains. In the rest of this pa-
per we consider granular beds within the density range
φ ∈ [0.6, 0.75].
III. FREE MOVING DIMER
In order to analyze the emergent features induced by
a forced granular system on embedded intruders, we will
analyze the dynamics of a pair of intruders. To this end,
we consider the free evolution of a dimer of inclusion
particles in a granular bed. In subsection III A we define
the relative coordinates that describe the pair motion.
In subsection III B we extract the relative arrangement
of the inclusion pair from its evolution as a function of
the granular shaking amplitudes and packing fractions.
Finally, in III C we analyze the the averaged probability
distribution of the pair relative positions to measure the
pair separated a distance d and the relative orientation
for both touching and distant pairs.
A. An inclusion dimer
In a periodically driven granular system the energy is
introduced by the external forcing through both A0, and
ω. On the one hand, the shaking amplitude A0 intro-
duces a length scale that may lead to structural system
deformations of typical length∼ 2A0. On the other hand,
the shaking frequency ω modifies the dissipation rate of
the granular system. In this paper we control the tray
vibration by changing the shaking amplitude, A0, and
fixing its frequency.
A doublet of intruders of diameter σ, {Xa, Xb},
defines a dimer whose center to center vector is r =
Xa −Xb. The position vector r = (rx, ry) is equally
described by its modulus r and angle α relative to the
shaking direction, r = r (cosα, sinα). We define a “par-
allel” (“perpendicular”) configuration of the dimer for a
configuration α ≈ 0 (pi/2). For simplicity we also use the
distance between the surfaces of inclusions d = r − σ to
define the dimer distance.
B. Probability Landscapes
In order to understand the dynamics of a dimer of in-
truders in a shaken granular bed we have prepared a
large collection of initial conditions with d ∈ [4, 7] and
α ∈ [0, 2pi] to sample between 106 (φ = 0.6) and 6 · 106
(φ = 0.75) cycles for systems of box size L = 32σg at
shaking amplitudes A0 = 0.75σg and A0 = 1.5σg.
We define P(rx, ry) as the probability to measure the
dimer in a configuration with rx ∈ [rx, rx + ∆x] and
ry ∈ [ry, ry + ∆y], where ∆x = ∆y = 0.05σg, that
results from simulations sampling at each shaking cy-
cle. From this probability, we can extract − lnP (rx, ry),
which identifies the most probable configurations of the
dimer freely evolving in the granular bed. If the sys-
tem were in equilibrium, the logarithm of the probability
− lnP would be proportional to the energy landscape
U(rx, ry) of the system. We leave the comparison be-
tween P and the dimer mechanical formation energy, U ,
for section IV C. We associate minima of the magnitude
FIG. 2. Landscape of dimer configurations. Heat map with
solid contour lines of − lnP as a function of the relative con-
figuration of the dimer, (rx, ry), for different grain packing
fraction, φ, and forcing strength, A0. The gray shaded regions
correspond to configurations of r2x + r
2
y < σ, and thus cannot
be reached by the inclusion. The x-component is aligned with
the sinusoidal forcing imposed on the tray. From left to right:
(a)-(b) φ = 0.6 and (a) A0 = 0.75σ, and (b) A0 = 1.5σ;
(c)-(d) φ = 0.75 and (c) A0 = 0.75σg, and (d) A0 = 1.5σg.
− lnP to more probable configurations (effective attrac-
tions), and maxima to more unlikely configurations (ef-
4fective repulsions). Probability landscapes − lnP(rx, ry),
see Fig. 2, identify r ≈ σ as the most probable pair dis-
tance for all studied granular beds. Additionally, all four
baths show a high degree of anisotropy at contact, r ≈ σ,
where − lnP(σ, α) is always smaller for α ≈ 0 than for
α ≈ pi/2. This clear asymmetry shows a strong tendency
of dimer to align in the shaking direction.
The structure of the granular bed is clearly manifested
in the probability landscape as a sequence of concentric
oscillating rings. At long distances from contact, contour
lines manifest the anisotropy of the interaction. More-
over, the probability landscape decays faster along the
shaking direction than perpendicular to it.
Fig. 3 further details the probability landscape for
A0 = 1.5σg, and packing fraction φ = 0.75. The granular
structure is rapidly lost in the parallel direction whereas
it shows stronger persistence for configurations where the
dimer is oriented perpendicular to the tray shaking di-
rection. At long distances, we observe that perpendicu-
lar configurations are favored and an island of repulsion
emerges centered at r = 8σg, and α = 0.
FIG. 3. Anisotropy in the dimer configurations. Heat map
with solid contour lines of the landscape, − lnP for a system
at φ = 0.75, and A0 = 1.5σg, an extension in the r domain of
Fig. 2 to show the long distance behavior. To fully compre-
hend the behavior of − lnP we introduce different symbols in
the contour lines, as detailed in the upper key. We observe
an exclusion zone, in magenta, where the probability to find
the dimer is below the value of P at infinity.
C. Marginal probability densities
We can provide a more compact description of the
distance and angular dependence that characterize the
dimer interaction through the corresponding marginal
probability densities. These quantities are also more at-
tractive experimentally because they require less statis-
tics. Specifically, we quantify the distance behavior of
P through P (r), the averaged angular distribution, ob-
tained integrating P(r, α) over the angular configurations
of the dimer.
Fig. 4 displays the angular averaged probability den-
sity, P (d), as a function of d = r − σ, so that d = 0
corresponds to the contact position r = σ. We identify
three different features in P (d). First, at contact (d = 0),
− lnP (d) reaches its lowest value; hence it is the pre-
ferred and most probable configuration. Second, the os-
cillations of − lnP (d) at short distances clearly show the
structure of the bed since the periodicity corresponds to
the granular size. The surroundings of minima are locally
stable and correspond to an integer number of grains in
the internal region of the inclusion dimer. Third, the
oscillations are superimposed on a monotonous decay to-
wards zero. The decay is stronger the more compact the
system is – the signal is stronger at φ = 0.75. Within
the available range of distances, we have tested that
the decay in − lnP (d) is compatible with an algebraic
tail − ln (P (d)/P (∞)) ∼ d−1, shown in dashed lines in
Fig. 4.
FIG. 4. Angular averaged probability density. Plot for dif-
ferent values of the packing density φ, and shaking amplitude
A0. As a guide to the eye, we plot the fitted − lnP (d) = a/d
in cyan, and magenta.
To quantify anisotropy we compute the conditional
probability densities P<(r
?;α), and P>(r
?;α). Ob-
tained as integrals of P(r, α) over r in the ranges r ∈
(σ, σ + r?), and r ∈ (σ + r?,∞) for P< and P> respec-
tively. P<(r
?;α) quantifies the anisotropy of the configu-
rations of the dimer at short distances whereas P>(r
?;α)
quantifies long distance anisotropy.
The angular distributions displayed in Fig. 5 have been
obtained for r? = 2σg. At short distances, P<(2σ;α),
we observe a preference for parallel configurations. The
anisotropy in the configurations has a major dependence
on the shaking amplitude, while it shows a mild depen-
dence on packing density. At larger distances, d > 2σg,
on the contrary, the dimer tends to orient perpendicu-
lar to the shaking direction. In this case the degree of
anisotropy is relatively weak except for large densities
and shaking amplitudes, φ = 0.75 and A0 = 1.5σ, where
the anisotropy increases revealing the instability island
clearly appreciable in the 2d heat map in Fig. 3.
If the system were to be in equilibrium, the inter-
pretation of the probabilities would be straightforward.
5FIG. 5. Angular dependence of the conditional probability
densities as a function of φ, and A0. (a) for distances d < 2σg.
(b) for distances d > 2σg. Black dashed lines display the value
of an isotropic distribution, 2/pi.
The minimum, and slow decay of the radial probabil-
ity − lnP (d) would translate into an energy minimum
at d = 0, and an emergent attractive long range inter-
action U ∼ d−1. The results in the anisotropy shown
in Fig. 5(a) would imply the emergence of an aligning
torque at short distances; a torque that would align the
dimer towards the shaking direction. However, the sys-
tem is not in equilibrium, and thus we cannot relate the
probability of the dimer configurations to the interaction
energies in the system. In the following section we com-
pute mechanically the effective interaction forces and for-
mation energies of a dimer following similar procedures
to the ones used by30–32.
IV. FIXED INCLUSIONS
In this section we quantify the mechanical interactions
between inclusions that arise from the granular shaking.
Fist in IV A we fix the inclusions at relative coordinates
(r, α) and measure their relative mean radial and tangen-
tial interactions. Second in IV B we propose a model that
captures the long distance behavior of the radial force as
a simple function of the shaking amplitude A0, the rel-
ative angle α, and the inclusions separation distance d.
Third in IV C we define the mechanical formation en-
ergy of the dimer and compare it to the configurations’
probabilities for the freely evolving dimers measured in
Section III C Finally in IV D we compute local profile
measures of the granular bed along the axis of the dimer
to provide further insight in the mechanism underlying
the effective interactions between inclusions.
A. Radial and tangential forces
We fix the pair of inclusions at positions Xa and Xb
but we let the velocity of the inclusions evolve in time
since particle collisions depend on the relative velocity
between interacting particles. The forces given by the
granular bed on the inclusions are Fa and Fb and define
the effective interaction between inclusions. Computing
the relative force Fb(Xb) − Fa(Xa) we extract the rele-
vant information of the relative force acting on the dimer.
Finally we project along the radial and tangential direc-
tions,
Fr(d) =
〈
Fb(Xb)− Fa(Xa)
2
· rˆ
〉
, (5)
Ft(d) =
〈(
Fb(Xb)− Fa(Xa)
) · tˆ〉, (6)
where unit vectors rˆ and tˆ are an orthonormal basis of
R2 with rˆ = (Xb −Xa) / |Xb −Xa| and, after rotating
pi/2 we obtain tˆ = Rpi/2rˆ. The brackets 〈·〉 denote the
average of the magnitude (·) over cycles and independent
realizations of the system.
Inclusions have been placed at configurations with sur-
face to surface distance the range d ∈ [0, 8] and angles
relative to shaking α ∈ [0, pi/2]. We average on various
sets with fixed parameters α, d,A0, φ to extract the mean
values Fr, and Ft.
Within this definition of rˆ, and tˆ, the projection Fr
defines the behavior of the interaction in the radial di-
rection with attractive effective forces captured by neg-
ative values of the relative force, Fr < 0, and repulsive
otherwise. The transverse effective force, Ft, indicates
the emergence of a neat torque acting on the dimer with
clock-wise torques identified by Ft < 0, and counterclock-
wise otherwise. For our dimer configurations in the first
quadrant of the plane, clock-wise tangential forces align
the dimer in the shaking direction.
The relative radial force Fr in Fig. 6 reflects that the
effective interaction for a pair of inclusions at contact is
attractive. We observe that the magnitude of the force at
contact also depends on the orientation of the dimer rela-
tive to the shaking direction. The interaction is stronger
the more aligned –to the shaking– the dimer is. As dis-
tance increases, the force reaches a local maximum before
d = σg and then Fr oscillates with an amplitude that re-
flects the structure of the grain suspension.
The magnitude and sign of the radial force is sensitive
to the orientation of the dimer with respect to the tray
shaking direction, α. For perpendicular configurations
the decaying oscillations in the force reflect the structure
of the granular bed for long distances as it is clear from
the persistence of the force oscillations. As the angle is
6reduced, α < pi/2, the oscillation structure in the radial
force is gradually destroyed at long distances while a neat
attractive force remains for several inclusion diameters.
Overall, shaking destroys the structure of the granular
bed and induces an effective attraction that increases as
the dimer aligns relative to the shaking.
In addition to the radial interaction, a torque captured
as a relative tangential force Ft appears for configura-
tions with neither α 6= 0, nor α 6= pi/2. We have ob-
served a maximum value in the tangential force strength
for α = pi/4, which we select to display in Fig. 6. This
non-central force is present in the system for short sep-
aration distances, d . 2σg and orients the pair along
the shaking direction. At φ = 0.75, and A0 = 1.5 a fi-
FIG. 6. Effective radial, and tangential forces Fr in (a, b),
Ft in (c, d), respectively. Plots (a, c) for density φ = 0.6
and (b, d) for density φ = 0.75. Different amplitudes are
labeled by squares, A0 = 1.5σg, and circles A0 = 0.75σg.
Different shades of colors identify the dimer angle relative to
the shaking direction.
nite dealigning torque clearly emerges at long distances
d & 2σg. The nature of the tangential force shown in
Fig. 6 is compatible with the anisotropy found in the
probability P(rx, ry) for moving inclusions reported in
Figs. 2 and 5 in the previous section III.
B. Long distance behavior of the radial force
Fig. 4 shows that the effective force between inclusions
generically displays an attractive, long-range interaction
in length scales larger than 10σg. Even though we are not
able to analyze the functional dependence of this asymp-
totic decay over several decades, the observed decay is
consistent with an algebraic dependence. In granular me-
dia, long range forces arising from their non-equilibrium
fluctuations have already been described in vibrated sys-
tems23.For the weak decaying signal of the radial force
measure for configurations aligned close to the perpen-
dicular direction an algebraic fitting curve of the form
F2(σg/d)
2 has proven to be numerically more robust than
an exponential decay which is largely interfered by the
strong oscillations, see Fig. 7(a). For an algebraic fitting,
the strength of the long range interaction is given by the
force F2 and presented in Fig. 7.
To capture the full dependence on α, and A0 on the
long range interaction amplitude, F2, we have system-
atically swept the space of parameters α, and A0. The
structure of the bed of grains is appreciable in both Fig. 7
(a) and (b); at perpendicular configurations the emergent
long range interaction vanishes, F2 ≈ 0. At low values of
the shaking amplitude, the grain bed structure persists
at lower angles –denoted in dashed lines. As the angle
of the dimer decreases the effect of the external forcing
increases and the local granular structure is lost. In this
regime a clear interaction between particles develops, and
increases as the dimer aligns towards the forcing direc-
tion.
To quantify the dependence on the orientation α we
present F2 as a function of cos
2 α, F2 = B2 cos
2 α + B0,
the lowest power of cosα allowed by the dimer and shak-
ing symmetry. Results in Fig. 7(c) confirm a quadratic
dependence of the cosine on F2. The analysis of B2(A0)
in Fig. 7(d) a B2 that remains essentially constant for
shaking amplitudes below a value Ac0 followed by a linear
increase for A0 > A
c
0,
Overall, we model the radial dimer interaction by
means of the simple function,
Fr = F (φ)
[
θ(A0 −Ac0(φ))
σg
+B0(φ)
](σg
r
)2
cos2 α. (7)
For a system at packing fraction φ = 0.75 we obtain
Ac0(φ = 0.75) = (0.6± 0.15)σg as the shaking amplitude
above which the interaction increases linearly with A0,
B0(φ = 0.75) = 0.3, and F = −67 〈tk〉 /σg, where we
have prescribed an a priori dependence on the packing
density on each of the parameters.
7FIG. 7. Long range interaction Fr as a function of interparti-
cle distance, angle, and shaking amplitude. (a) at amplitude
A0 = 1.5σg the external forcing is strong enough to clearly
destroy the internal structure of the gains at α < 60o. (b) at
A0 = 0.5σg the internal structure persists for angles α & 30o.
(c) Strength of the long range force F2 as a function of cos
2 α
for different shaking amplitudes. (d) Value of the prefactor of
cos2 α(σg/d)
2 as a function of A0/σg.
C. Mechanical formation energies
We benefit from the previous section, and in particular
from the radial force displayed in Fig. 6 to define the
mechanical formation energy of a dimer aligned an angle
α with respect to the imposed external driving, Uα(d).
Specifically, we define the dimer formation energy as the
total mechanical work to bring a pair of inclusions from
infinity to a relative distance d along a line at constant
angle,
Uα(d) =
∫
∞→d
Fint · dl =
∫ ∞
d
Fr(r, α)dr. (8)
In equilibrium the energy of formation is derived from
the probability to measure the pair at a given configu-
ration (d, α) by the simple expression U = −kBT lnP.
This relation implies, in particular, that the energy of
formation scales with the system temperature, kBT .
Since the granular bed is subject to an energy flux,
induced by the tray shaking, we cannot take the pre-
vious equality for granted. We subsequently test the
TABLE I. Effective temperature obtained by minimizing χ2
combining measures of the mechanical formation energy and
the for different densities, shaking amplitudes, and orienta-
tion angles. Values with missing α correspond to the angular
averaged formation energies and probabilities.
A0 φ α kBTeff A0 φ α kBTeff
0.75 0.6 0 0.35 0.75 0.75 0 0.24
0.75 0.6 pi/4 0.64 0.75 0.75 pi/4 0.42
0.75 0.6 pi/2 7.4 0.75 0.75 pi/2 1.21
0.75 0.6 − 0.61 0.75 0.75 − 0.46
1.5 0.6 0 0.35 1.5 0.75 0 0.16
1.5 0.6 pi/4 0.46 1.5 0.75 pi/4 0.26
1.5 0.6 pi/2 −0.47 1.5 0.75 pi/2 0.95
1.5 0.6 − 0.39 1.5 0.75 − 0.21
validity of this previous relation through an effective
bath temperature33, kBTeff that could connect the for-
mation energy to the probability to measure a dimer
configuration. To this end, we fit the formation en-
FIG. 8. Mechanical formation energy Uα in solid lines and
the correspondent effective potentials as obtained after min-
imizing χ2 for the probability densities P(r, α) restricted at
α. We present shaking amplitudes A0 = 0.75σg (a), and
A0 = 1.5σg (b) at φ = 0.75 with the best fits for the effective
temperature kBTeff as listed in Table I.
ergy of the dimer to the probability to measure the
pair of moving inclusions in that dimer configuration.
To extract an effective kBTeff for each set of forma-
tion energies {Uα(di)} and probabilities {P(di, α)} de-
fined at distances {di} we minimize the chi squared func-
tion χ2 =
∑
i
[Uα(di)− (kBTeff lnP(di, α) + U0)]2, with
kBTeff, and U0 the fitting parameters.
Fig. 8 compares the formation energy derived from the
relative force and from the angular constrained proba-
bilities with the best fit for kBTeff. The corresponding
temperatures depend in particular on α, which indicates
it is impossible to describe the dimer behavior as if it
was immersed in an effective equilibrium bath, see Ta-
ble I. Specifically, the obtained formation energies display
qualitatively different dependence on the dimer distance
when compared to −kBTeff lnP (d). For perpendicular
configurations the formation energy of the dimer presents
a maximum with U > 0 that decays to zero. The minus
logarithm of the probability, instead, presents an abso-
8lute minimum and then increases asymptomatically to
zero. These qualitative differences do not allow to de-
scribe this system in terms of a Teff.
FIG. 9. Angular averaged formation energy 〈U〉α in solid
lines compared to the fitted values for −kBTeff lnP (d) in
points. The values of the corresponding of kBTeff are given
in Table I and labeled by α− .
Alternatively, we can extract an effective tempera-
ture from the angular averaged probability, P (d), see
Fig. 4. To this end, we introduce the angular averaged
mechanical formation energy, 〈U(d)〉α, obtained integrat-
ing 〈Fr〉α ≡ 2/pi
∫ pi/2
0
dα Fr(d, α). Fig. 9 shows that the
formation energy obtained by the two routes shows semi-
quantitative agreement, and also, by construction, we can
assign a Teff for each system. Hence, even if the compar-
ison may be misleading, it is possible to interpret the
angular average quantities in terms of an effective equi-
librium.
If the functional proposal holds, see Eq. 7), the an-
gular averaged formation energy coincides with the one
obtained from the general situation at α = pi/4, and that
− lnP (d) ∼ d−1 asymptotically. This functional depen-
dence allows a fit between − lnP (d), and 〈U〉α at long
distances.
D. Measure profiles in the granular bed
We analyze the impact that the inclusions have in the
granular bed. Fixing the inclusions allows us not only to
measure the relative forces and torques between them,
but also quantify the spatial dependence of the physical
properties of the grains. We focus on the relative varia-
tions of the granular properties along the axis that joins
the two dimers. To measure this profile, we consider a
rectangular box of size L×σg that encloses the inclusions
in the axis of the dimer. We subsequently slice this box
in cells of width ∆x = 0.2σ and height ∆y = 0.2σ and
use them to build the corresponding histograms.
We compute the local density, φ(x′, y′), and kinetic
energies ek(x
′, y′), and tk(x′, y′) at each cell with center
at (x′, y′) and average over oscillation cycles for differ-
ent initial conditions of the sea of grains. The result is
then integrated in the vertical dimension to obtain the
dependence on the distance from the surface of an inclu-
sion h. The pair of inclusions define an internal region
which is identified as −d/2 < h < 0, and an external
region h > 0. To gain statistics, we combine the results
from the profiles centered on each inclusion. For visual-
ization purposes we plot the negative region from surface
to surface (−d < h < 0).
δek(h) =
ek(h)− 〈ek〉
〈ek〉 , δtk(h) =
tk(h)− 〈tk〉
〈tk〉 (9)
In Fig. 10 we display the relative excess of density, and
kinetic energies for φ = 0.75, A0 = 1.5σg relative to the
bulk values (9). We compute the profiles for parallel and
perpendicular configurations of the dimer and two dif-
ferent separation distances, d = 2σ and d = 6σg. For
positive values of h, the behavior of each profile does not
depend on the dimer separation d. To confirm this depen-
dence we have computed the profile for a sole inclusion
in the system and obtained the same external profiles.
We do not observe a significant deviation of the av-
eraged density along the axis. Moreover, in the region
between inclusions, the local density equals to the aver-
aged density outside –except for the density at contact
that decays due to the sampling size and the curvature
of the disks. However, both kinetic energies –absolute,
and relative– are not kept constant along h. On the one
hand, the excess relative kinetic energy δtk has a positive
value at contact and relaxes to zero. On the other hand,
the excess of absolute kinetic energy departs from neg-
ative value and relaxes to zero. For orientations of the
dimer perpendicular to the external shaking, δek jumps
to a positive value and follows the decay of δtk > 0 and
relaxes to 0, whereas for parallel configurations δek does
not follow the relative kinetic energy but slowly increases
to zero keeping its negative sign.
Finally, we have analyzed the additivity of one-
inclusion profiles for the inner region of the dimer, h < 0.
From the disturbance profile generated by a single par-
ticle δp(h), as presented in (9), we compute the total
disturbance profile in the inner region between inde-
pendent inclusions located at h = 0, and h = −d as
δp(−h) + δp(d − h). We show the additivity of the pro-
files by comparing the hollow squares, and dots to the
solid lines in Fig. 10, resulting from the addition of one-
inclusion profiles and the computation of the profiles for
two-inclusion systems, respectively.
V. CONCLUSIONS
In summary, we have introduced a mechanical model
to capture the effective behavior of inclusion in a horizon-
tally shaken granular bed. The analysis of the behavior
9FIG. 10. Excess kinetic energy and density profiles of the
granular bed in a system at packing φ = 0.75, forcing ampli-
tude A0 = 1.5σg, and orientation α = pi/2 in (a, c), and α = 0
in (b, d). Positive values of h denote the outer region of the
dimer while negative values of h denote the region between
inclusions. In hollow points we present the result of the su-
perposition of independent profiles with origin at h = 0, and
h = −d. In cyan we plot the relative excess density profile,
practically zero but with in (a, c) close to the inclusions.
of an inclusion pair has shown they interact with a gran-
ular mediated non-central, and long range interactions.
We have considered both a freely moving pair and have
computed the forces for a pair at a fixed distance. These
two approaches have provided complementary insight.
We have extracted the two dimensional probability
density of the relative vector between inclusions and mea-
sured a preference of dimers at contact to align paral-
lel to the external forcing. Consistently, the force mea-
surements with fixed inclusions have revealed the emer-
gence of an attractive force with a maximum for particles
at contact plus the emergence of an aligning torque at
short distances. The detailed computation of the forces
between the two inclusions as a function of the angle
they form with the driving force indicates that inclusions
tend to remove the ordered structure of the granular bed
for α < pi/2 and moderate amplitudes of the shaking
A0 > σg/2. When the granular structure around the in-
clusions becomes weak in the internal region of the pair,
the long range attractive force between the pair becomes
apparent. We have characterized the interaction in terms
of the parameters of the dimer configuration and shaking
of the granular bed with a simple model of interaction at
a distance (7). We have matched the anisotropy in the
probability P(rx, ry) to the appearance of a neat torque
in for fixed inclusions. The torque aligns close inclusions
d . 2σg parallel to the shaking whereas at d & 4σg and
large shaking amplitudes and granular densities an emer-
gent torque aligns inclusions perpendicularly to the shak-
ing. The appearance of this dealigning torque could be
the mechanism leading towards the segregation of mix-
tures of grains and inclusions into bands perpendicular
to the shaking direction10,11,24,26. Finally, we have cap-
tured the kinetic energy profiles in the granular bed in
the immediacies of the inclusion dimer and observed a
differentiated behavior of the absolute kinetic energy on
the orientation of the dimer. Additionally we observe
that the perturbation of the granular kinetic energies in
the internal region of the dimer results from the addition
of two independent facing inclusion surfaces
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Appendix A: Stochastic Dynamics of Grains
We describe the dynamics of granular particles at po-
sitions r and momenta p
d
dt
ri(t) =
1
mi
pi(t), (A1)
where m is the mass of each granular particle. The dy-
namics are given by the following Langevin set of equa-
tions
d
dt
pi = Fi − γi
(
pi
mi
− vs
)
+ fi, (A2)
where γ are the dissipation constants, vs the velocity
of the substrate, and F , and f the deterministic and
random forces, respectively.
To solve equation (A2) we separate the terms that de-
pend on the momenta p on LHD separate the determin-
istic Φ = F + γvs, and random forces fi on the RHS(
d
dt
+
γi
mi
)
pi = Fi + γivs + fi = Φi + fi. (A3)
The solution to equation (A3) is computed as p = p(h) +
p(p) where homogeneous solution is,
p
(h)
i (t+ t0) = pi(t0) exp
[
γi
mi
(t− t0)
]
, (A4)
and a particular solution, p(p)(t + t0), of the form,
pi(t) exp (−γ/mt), where pi(t) satisfies the following ran-
dom process,
d
dt
pii(t) = exp
(
γi
mi
t
)
(Φi + fi) , (A5)
and the solution
pii (t+ ∆t) − pi (t) =
=
mi
γi
[
exp
(
γi
mi
∆t
)
− 1
]
Φi + (A6)
+
∫ ∆t
0
dτ exp
[
− γi
mi
(∆t− τ)
]
fi(τ) .
To compress the result we define a new set of con-
stants. The dissipation of moment is introduced by
Γi = exp (−γi∆t/mi); the mobility coefficient for the
deterministic force µ˜i = (1− Γ) /γi; the effective diffu-
sion coefficient D˜i = (Γimi/γi)
1/2 (
1− Γ2i
)1/2
. Now the
evolution of p is simplified to,
pi(t+ ∆t) = Γipi(t) + µ˜miΦi + D˜iζi, (A7)
with a Gaussian random noise with zero mean and vari-
ance 〈ζi,α(t)ζj,β(t′t)〉 = 2Λi,αδijδαβδ(t − t′). The evolu-
tion of the grains is simplified to
ri(t+ ∆t) = ri(t) +
3pi(t) + pi(t+ ∆t)
4mi
∆t . (A8)
where we first integrate equation (A1) with p(t) to t +
∆t/2, and second we integrate the positions r(t+ ∆t/2)
to t+∆t with momenta given by (p(t)+p(t+∆t)/2 from
eq. (A7).
Appendix B: Granular measures
In order to characterize the granular bed we introduce
the measure of kinetic energies. For a system under shak-
ing we can construct either an absolute, and a relative
kinetic energy,
ek =
1
N
∑
i
mi
2
|vi|2 , tk = 1
N
∑
i
mi
2
|vi − Vcm|2 ,
(B1)
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with Vcm the centre of mass velocity. The usual mag-
nitude33 defined in granular systems is tk but the intro-
duction of external bodies gives a certain relevance to ek.
Here we discuss the advantages of using each of them to
scale the interaction forces obtained in Section IV.
FIG. 11. Measures of kinetic energies as for increasing pack-
ing density of grains. In solid lines we plot the measures.
In (a) the relative kinetic energy normalized by the random
force. In (b) the difference in kinetic energies expected to be
〈ek − tk〉 ≈ pi2A20. In (c) the absolute kinetic energy of the
grains compared to the acceleration unit given by mgσ
2
gω
2
The relative kinetic energy tk does not depend on the
shaking amplitude A0 and it is best suited to compare
forces in systems at different shaking amplitudes and
granular properties such as MSD.
The absolute kinetic energy ek includes the flux of en-
ergy that the shaking introduces to the grains, and it is
relevant for the interactions with external bodies. Even
though both energies are suitable to define an energy
scale we choose the averaged tk for the sake of commen-
surability.
In Fig. 11 we present the dependence of the averaged
energies measured at different densities, forcing ampli-
tudes, and Λx, for a system with fixed granular param-
eters: Λx/Λy = 2, k = 2.5 10
4, γs = 20, and γ = 33 in
system units.
We observe a decay of the kinetic energy as the density
of grains increases. Dissipation in particle-particle colli-
sion events in granular systems introduces an energy loss
and it is responsible for the energy dissipation of grains
as density increases. The difference in kinetic energies
is solely due to the external shaking and it is confirmed
in Fig. 11(b) where the the kinetic energy difference re-
mains approximately constant in the considered packing
fraction range. We determine a monolayer to be dense
when the energy loss is relevant, in this case for φ > 0.6.
Since we are interested in a dense system we determine
our lower bound for the packing range to be φ = 0.6
The upper bound for the packing fraction must corre-
spond to a system within the same mobility regime. For
this purpose we measure the jump distribution of grains,
P (∆) as the probability density distribution of the dis-
placement ∆ of grains after a time unit.
FIG. 12. Displacement statistics of granular particles af-
ter between shaking cycles. Plots of the system with three
representative trajectories.
Fig. 12 shows a Gaussian jump distributions for φ ≤
0.75 at Λx = 50. For this reason we set the packing
upped limit for exploration in this paper at φ = 0.75.
At larger densities, for example, φ = 0.8 the jump
distribution presents a pronounced peak at |∆| ≈ 0 that
indicates the caging effect of the neighboring grains and
it is no longer Gaussian. Mean Squared Displacements,
not shown here, also confirm the caging of grains, and
thus the system is not in a dense fluidized regime.
